In a local Cohen-Macaulay ring, we study the Hilbert function of ideals whose reduction numbers are two. It is a continuous work of the papers of Huneke, Ooishi, Sally, Vasconcelos, and Goto-Nishida-Ozeki. With some conditions, we show the converse inequality of Sally and Itoh and give it when the equality holds. We relate them to the depth of the associated graded ring.
Introduction
The purpose of this paper is to study the Hilbert function. It is well known that the Hilbert function is deeply related to the structure of the associated graded ring, the Rees algebra, and the given ring. One can consult [16] for the study of Hilbert functions. For a while, let (A, m) be a local Cohen-Macaulay ring of dimension d > 0. We assume that the residue field is infinite. Let I be an m-primary ideal and choose a parameter ideal Q of A as a reduction of I. Then the Hilbert function of I is the numerical function that measures the growth of the length of A/I n+1 . For all n ≫ 0, the function ℓ A (A/I n+1 ) forms a polynomial ℓ A (A/I n+1 ) = e 0 (I)· n + d d − e 1 (I)· n + d − 1 d − 1 + · · · + (−1) d e d (I) in n of degree d and e 0 (I), e 1 (I), . . . , e d (I) are called the Hilbert coefficients of I.
In this paper, we aim to classify the Hilbert function/coefficient from ideal conditions. The study of this direction has its origins in the famous results of Huneke and Ooishi [9, 14] , that is, I 2 = QI if and only if e 1 (I) = e 0 (I) − ℓ A (A/I). In particular, the associated graded ring of I is Cohen-Macaulay. Subsequent work of them is the case of reduction number two, that is, the Hilbert function of an ideal I such that I 3 = QI 2 . However, since the reduction number depends on the choice of a reduction Q in general, it becomes difficult to solve the problem. As some partial results, the Hilbert function and thus the depth of the associated graded ring are completely classified if I 3 = QI 2 and one of the following conditions is satisfied:
• dim A = 1.
• [17, 21] ℓ A (I 2 /QI) = 1.
• [6, Theorem 1.2.] mI 2 ⊆ QI, ℓ A (I 2 /QI) = 2, and ℓ A (I 3 /Q 2 I) < 2d.
• [5, Theorem 3.6.] I is an integrally closed ideal.
Among them, in this paper, we focus on the conditions I 3 = QI 2 and mI 2 ⊆ QI. In this case, we give the inequalities 0 ≤ e 2 (I) ≤ ℓ A (A/I) − e 0 (I) + e 1 (I) if dim A ≥ 2, see Theorem 3.3. As corollaries, we give characterizations of the equalities e 2 (I) = ℓ A (A/I) − e 0 (I) + e 1 (I) and e 2 (I) = ℓ A (A/I) − e 0 (I) + e 1 (I) − 1. We furthermore classify the Hilbert functions when ℓ A (I 2 /QI) is either three or four, which is a continuation of above results [17, 21] and [6] (Theorem 3.8 and Proposition 3.9).
Let us explain how this paper is organized. Section 2 is a preparation to prove our main results. First, we see that the Bourbaki sequence for the case involving an infinite field. We then survey the basic properties of the Sally module, which is one of the important techniques to study the Hilbert functions. Section 3 presents the main results of this paper. We will also give some examples to illustrate our results.
Preliminary
2.1. Bourbaki sequence. Let R be a Noetherian ring and M an R-module. Then a Bourbaki sequence of M means a short exact sequence
where F is a free R-module and I is an ideal of R. As a fundamental result, a Bourbaki sequence of M always exists if R is a normal domain and M is a finitely generated torsionfree R-module (see [1, Chapter VII, §4, 9. Theorem 6.]). In this subsection we investigate a Bourbaki sequence for the case involving an infinite field.
In what follows, let R be a Noetherian ring and M a finitely generated R-module. Suppose that R contains an infinite field k as a subring. For convenience, M(p) denotes M p /pM p for all prime ideals p of R. For an element x ∈ M, we denote by x(p) the canonical image of x into M(p). Lemma 2.1. Let P be a subset of Supp R M. Set M = (x 1 , x 2 , . . . , x n ). Then the following assertions hold true.
(1) Let x, y be elements of M and set P ′ = {p ∈ P | x(p) and y(p) are linearly dependent over R(p)}.
Assume that P ′ is finite and, for all p ∈ P ′ , x(p) = 0 or y(p) = 0. Then there is an element a in k such that (x + ay)(p) is nonzero for all p ∈ P.
(2) If P is finite, then we can choose y ∈ n i=1 kx i so that y(p) is nonzero for all p ∈ P.
Then we can choose z ∈ n i=1 kx i so that z(p) is nonzero for all p ∈ P. Proof. Note that the canonical map k → R → R(p) is injective since k ∩ p = (0) for all prime ideals p of R. Hence we may assume k ⊆ R(p).
(1) If p ∈ P \ P ′ , x(p) and y(p) are linearly independent over R(p), whence (x + ay)(p) is nonzero for all a ∈ k. Hence we may assume that P = P ′ = ∅. We prove by induction on the number of element in P. If #P = 1, this is trivial. Assume that #P > 1 and take p 0 in P. Then there is an element b in k such that (x + by)(p) is nonzero for all p ∈ P \ {p 0 } by induction hypothesis. Set z = x + by. We may assume that z(p 0 ) = 0. Then y(p 0 ) is nonzero. Set P ′′ = {p ∈ P | y(p) = 0}. Then, for all p ∈ P ′′ , there is an element α p ∈ R(p) such that x(p) = α p ·y(p). We can take c ∈ k so that c = α p + b since k is infinite. Then a = b − c is what we desired. In fact, if p ∈ P ′′ , (x + ay)(p) = (α p + b − c)·y(p) = 0. If p ∈ P \ P ′′ , we have y(p) = 0 and p = p 0 . Hence (x + ay)(p) = x(p) = z(p) = 0.
(2) This follows from (1).
(3) Let K denote the quotient field of R. After renumbering x 1 , x 2 , . . . , x n , we may assume that 1 ⊗
Hence the set P ′ = {p ∈ P | x(p) and y(p) are linearly dependent over R(p)} is finite since P ′ ⊆ {p ∈ P | b ∈ p} ⊆ Ass R R/bR. We furthermore have
for all p ∈ P ′ . Therefore we have a conclusion by (1) .
Chapter VII, §4, 9. Lemma 7.]) Let R be a Noetherian domain. Let M be a finitely generated torsionfree R-module of rank r ≥ 2. Suppose that M p is R p -free for all prime ideals p with depth R p = 1. For z ∈ M, the following conditions are equivalent.
(1) Rz is R-free and M/Rz is a torsionfree R-module.
When this is the case, the rank of M/Rz is r − 1.
Proof. (1) ⇒ (2) For all prime ideals p with depth R p = 1, consider the exact sequence
We have the projective dimension of M p is at most one. If depth Rp (M/Rz) p = 0, p ∈ Ass R M/Rz ⊆ Ass R, which is a contradiction. Therefore (M/Rz) p is R p -free, whence the short exact sequence (2.2.1) splits and z(p) is nonzero. For the case that p = 0, z(p) is nonzero since Rz ∼ = R.
(2) ⇒ (1) Let K be the field of fractions of R. Since z(0) is nonzero, K ⊗ R Rz ∼ = K. Hence Rz ∼ = R. Assume that M/Rz is not a torsionfree R-module. Then there exists a prime ideal p ∈ Ass R (M/Rz) \ Ass R. depth R p = 1 since depth Rp M p > 0 and depth lemma. Therefore, since z 1 is a part of free basis of M p , (Rz) p → M p is split mono. Thus (M/Rz) p is R p -free, which is a contradiction for p ∈ Ass R (M/Rz).
Combining these two of lemmas, we have the following. Theorem 2.3. Let R be a domain and assume that R contains an infinite field k as a subring. Let M = (x 1 , x 2 , . . . , x n ) be a torsionfree R-module of rank r > 0. Suppose that M p is R p -free for all p ∈ Spec R with depth R p = 1. Then there are elements z 1 , . . . , z r−1 in n i=1 kx i which satisfy the following two conditions:
Proof. We prove by induction on r. The case where r = 1 is trivial. Assume that r > 1 and our assertion holds for r − 1. By Lemma 2.1 (3), we can take
kx i which satisfy the following two conditions:
As a direct consequence, we have a graded version of Bourbaki sequence. Corollary 2.4. Let R = n∈Z R n be a Z-graded Noetherian domain and M = n∈Z M n a finitely generated graded R-module of rank r > 0. Suppose that R 0 is an infinite field and M = RM 1 . If M is a torsionfree R-module and M p is a free R p -module for all p ∈ Spec R with depth R p = 1, then there exists a graded exact sequence
where m is an integer and I is a graded ideal of R. Note that Proposition 2.5 yields the result of Huneke and Ooishi that I 2 = QI if and only if e 1 = e 0 − ℓ A (A/I), which is equivalent to S = 0. Thus, once the structure of the Sally module is determined, the Hilbert function and the depth of G can be determined. In the next section, we will actually classify the Hilbert function and the depth of G through the structure of the Sally module.
Main results
In this section, we maintain the assumptions and notations in Subsection 2.2. Set B = T /mT ∼ = k[X 1 , X 2 , · · · , X d ] and p = mT , where X 1 , X 2 , · · · , X d denote indeterminates over the residue field k. (1) I 3 = QI 2 and mI 2 ⊆ QI.
(2) S = T S 1 and mS = 0. When this is the case, S is a torsionfree B-module of rank ℓ Tp (S p ).
Proof. The equivalence between I 3 = QI 2 and S = T S 1 comes from Proposition 2.5 (1) . The rest equivalence comes from mI 2 ⊆ QI if and only if mS 1 = 0. When this is the case, S is a torsionfree B-module by Proposition 2.5(2).
Let d = dim A ≥ 2 and suppose that I 2 = QI, I 3 = QI 2 , and mI 2 ⊆ QI. Set ℓ = ℓ Tp (S p ) > 0. By Corollary 2.4, we then have a graded exact sequence 0 → B(−1) ⊕(ℓ−1) → S → I(m) → 0 of B-modules, where m is an integer and I is a graded ideal of B. We may assume that ht B I ≥ 2 since B is an UFD. With these assumptions and notations, we have the following, which is the key of this section. 
for all n ∈ Z. Note that the degree of ℓ A ((B/I) m+n ) is at most d − 3 since the height of I is at least two. Therefore
Hence, by Proposition 2.5 (3) and (4), we have the equality
which is an non-negative integer by Narita's theorem [12] .
The following is a direct consequence of Proposition 3.2. Proof. It is routine to show that I 3 = QI 2 , (X, Y )I 2 ⊆ QI. It is also easy to show that I n = I n = (X, Y ) 2(ℓ+1)n for all n ≥ 2, where I n denotes the integral closure of I n . Hence 
Hence the depth of the associated graded ring is zero by Proposition 2.5(5)(ii).
] be a formal power series ring over a field k. Set Q = (X 5 , Y 5 ) and
Proof. Since I 3 = QI 2 and mI 2 ⊆ QI, there is a surjection k[X, Y ](−1) ⊕2 → S Q (I). Therefore we have the isomorphism since the kernel is zero by ℓ A (I n+1 /Q n I) = 2(n + 1) for all n ≥ 1.
Examples of −1 < m < ℓ A (A/I) − e 0 + e 1 − e 2 − 1 also exist. We will see it later (Example 3.11). Here, let us give some applications of Proposition 3.2. In what follows, we always assume that dim A ≥ 2.
Corollary 3.6. Suppose that I 3 = QI 2 and mI 2 ⊆ QI. Let ℓ denote the rank of the Sally module as B-module. Then we have the following. 
Proof. for all n ≥ 0, whence we have the assertions by Proposition 2.5(3). for all n ≥ 0.
Proof. This is a direct consequence of Corollary 3.6(1) since e 2 ≥ ℓ A (A/I) − e 0 + e 1 by [10, 18] .
Note that Corso, Polini, and Rossi [5, Theorem 3.6] do not assume that mI 2 ⊆ QI, and we have no example which does not hold the assertion of Theorem 3.3 without assumption mI 2 ⊆ QI. Next we determine the Hilbert function from ideal conditions. The following is a continuation of Sally and Goto-Nishida-Ozeki ( [17] and [6] ). 
When this is the case, e 2 = ℓ A (A/I) − e 0 + e 1 − 1 and we have the following. for all n ≥ 1 if d ≥ 4.
Proof. We have only to show the implication (1) ⇒ (2). Set ℓ = ℓ Tp (S p ). Since there is a surjection B(−1) ⊕3 → S, ℓ ≤ 3. If ℓ = 3, the surjection is isomorphism, which is a contradiction for ℓ A (S 2 ) = ℓ A (I 3 /Q 2 I) < 3d. If ℓ = 1, S ∼ = (X 1 , X 2 , The pullback of the above diagram gives the short exact sequence in (i) since m = 0 by ℓ A (I 3 /Q 2 I) < 3d.
Note that the rank of Sally module in Theorem 3.8(2)(i) is two. In general, the structure of the Sally module of rank two is quite open ([7, p.883] and [16, 4.4] ). The case of ℓ A (I 2 /QI) = 4 can also be classified as the following cases if dim A = 2. Proposition 3.9. Suppose that d = 2. Then the following conditions are equivalent.
(1) I 3 = QI 2 , mI 2 ⊆ QI, ℓ A (I 2 /QI) = 4, and ℓ A (I 3 /Q 2 I) < 8.
(2) The graded minimal B-free resolution of the Sally module is either
When this is the case, depth G = 0 and we have the following. We will show that n 1 = n 2 = 3. Since ℓ A (I 2 /QI) = 4 and ℓ A (I 3 /Q 2 I) < 8, we may assume that n 1 = 3. By ( * * ), a, b, c ∈ B 1 and d, e, f ∈ B n 2 −2 since On the other hand, I is generated by 2 × 2-minors of the matrix A by Hilbert-Burch theorem. Noting that I = BI 2 , we have n 2 = 3.
Remark 3.10. If d ≥ 3, there is a Sally module which have another form. In fact, let A = k[[X, Y, Z]] be a formal power series ring over a field k. Set Q = (X 3 , Y 3 , Z 3 ) and I = Q + (X 2 Y, XY 2 , Y 2 Z, Y Z 2 , X 2 Z, XZ 2 ). Then I 3 = QI 2 , mI 2 ⊆ QI, ℓ A (I 2 /QI) = 4, and ℓ A (I 3 /Q 2 I) = 9. Hence this example does not satisfy either of the conditions in Theorem 3.9.
We close this paper with examples of Theorem 3.8 and Proposition 3.9. Note that the examples of rank one are given by [7, Theorem 5.1] .
Example 3.11. Let A = k[[X, Y ]] be a formal power series ring over a field k and B = k[X, Y ] a polynomial ring over the field k. Then we have the following.
(1) Set Q 1 = (X 7 , Y 7 ) and I 1 = Q 1 + (XY 6 , X 2 Y 5 , X 4 Y 3 , X 5 Y 2 ). Then I 1 3 = Q 1 I 1 2 , mI 1 2 ⊆ Q 1 I 1 , ℓ A (I 1 2 /Q 1 I 1 ) = 3, and ℓ A (I 1 3 /Q 1 2 I 1 ) = 5. Hence, 0 → B(−2) → B(−1) ⊕3 → S Q 1 (I 1 ) → 0 is exact as graded B-modules. (2) Set Q 2 = (X 8 , Y 8 ) and I 2 = Q 2 + (X 2 Y 6 , X 3 Y 5 , X 5 Y 3 , X 6 Y 2 ). Then 
